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Estimation of Relative SD
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ABSTRACT

The relative SD is a measure that is now in common use in the pharmaceutical
industry, for example, in pharmaceutical development and analytical chemistry,
pharmacology, and quality control. This article comments on the usual point esti-
mate of the true value; presents seven interval estimation methods, easily imple-
mented on a desktop computer; and compares their individual merits and draw-
backs. Finally, the question of determining an adequate sample size is addressed,
and a possible solution is indicated.
Key Words: RSD; CV; Interval estimation; Bootstrap; Sample size.

INTRODUCTION interval estimation of the parameter (1). This article com-
pares two of these methods with five others.

Unless otherwise stated, we consider independent andThe RSD is a dimensionless measure of varia-
tion, commonly defined as the SD over the mean value normally distributed observations , a sample x1, . . . , xn

following a N(µ, σ2) distribution.expressed in percent. The term coefficient of varia-
tion is also used but sometimes denotes the decimal It is worth noting that there are actually two versions

of the RSD, one true value that we want to estimate andversion of RSD. These are the definitions used in this
article. The definitions tacitly assume that data are posi- then the sample RSD, which forms our estimate. To be

specific, s/x̄ estimates the true population value σ/µ, say.tive.
RSD is the inverse of the signal-to-noise ratio and (Here s2 5 ∑(xi 2 x̄)2 / ( n 2 1), the usual sample vari-

ance.) It is all too common not to distinguish betweenhence might be called the noise-to-signal ratio. The RSD
is particularly useful when the SD increases with the the two entities.

We repeatedly use maximum likelihood, meaning thatmean in a linear fashion. It is also in this situation that
we could consider the logarithmic transform to stabilize we choose the parameter estimate that gives the observa-

tions the highest likelihood. We consider one-sided inter-variances.
In measuring content uniformity, the RSD has been vals, except in the penultimate section, but the methods

are easily modified to produce two-sided ones.widely used and researchers have used some methods of

37

Copyright  1999 by Marcel Dekker, Inc. www.dekker.com



38 Broberg

ESTIMATION Tangent Method

Point Estimate
An outline follows of how to construct a 95% confi-

dence interval for RSD based on the fact that the sample
The estimate s/x̄ is a strange one that is neither unbi-

mean and SD are independent for normal deviates (see,
ased nor a maximum likelihood estimate (MLE). How-

e.g., reference 2, p. 271). Calculate one-sided confidence
ever, for any reasonable sample sizes it is very close to

intervals I1 and I2 for µ and σ, respectively, both on the
the MLE,

level √0.95. We use the t interval for the expected value
and the chi-square interval for the SD. Then we find thes

x̄ √ n 2 1
n upper limit by taking the lower limit of I1 and the upper

limit of I2. Thus, we have the 95% interval defined by
and it has good properties like consistency, meaning that

(0,100 3 max(I2)/min(I1))the estimate will approach the true value as the sample
size increases. If normal variates are at hand, one may

ML Methodargue, however, that the MLE is the estimate of choice.
The rest of this section deals with interval estimation,

Another method is based on the asymptotics foror more precisely, how to calculate the upper limit of a
MLEs. The parameter in the normal distribution are inone-sided 95% confidence interval.
vector notation θ 5 (µ, σ2). The information matrix is
then (3, p. 256)Method M

j(θ) 5 1n/σ2 0

0 n/2σ42A suggested method for interval estimation based on
the chi-square distribution is

The population RSD may be written as g(θ) 5 σ/µ 5

10,
1

√χ2
0.05(n 2 1)1 x̄2

(n 2 1)s2
1

1
n2 2 1

3 1002 σ2/µ 1/√σ2. Furthermore,

∂
∂µ

g(θ) 5
2σ
µ2

This is the method M from Bohidar and Bohidar (1), and and
the above gives an upper 95% confidence limit for the
RSD assuming normal distribution. Note that one has to ∂

∂σ2
g(θ) 5

1
2µσtake the 5% percentile of the chi-square distribution with

n 2 1 degrees of freedom. The main reference (1) recom-
Let θ̂ denote the estimate of θ. The asymptotic theorymends this method for batch-to-batch release purposes in
entails that g(θ̂) 2 g(θ) < N(0, g′(θ)i(θ)21g′(θ)T )),production and manufacturing because it is claimed to be
where i denotes the expected information matrix, primeconservative.
differentiation, and T transpose.

We use the information matrix in the estimation of
Method B variance. The inverse of that matrix equals

Method B from the above reference follows from ap-
j(θ)21 5 1σ2/n 0

0 2σ4/n2plication of Fieller’s theorem. It produces the interval

(0,100 3 (x̄2 2 t2
0.05s2/n)(x̄s 1

The variance may then be written as
√x̄2s2 2 (x̄2 2 t2

0.05 s2/n)(s2 2 t2
0.05s2/2(n 2 1))))

σ4

µ4n
1

σ2

2µ2nwhere t0.05 is 5% percentile of the t distribution with
n 2 1 degrees of freedom. The main reference (1) recom-
mends this method for formulation research and develop- which we estimate by inserting the MLEs x̄ and s2

n 5
(n 2 1)s2/n. To be consistent, one ought to use the MLEment, because it is less conservative than the other pre-

ferred method M. also of RSD. Thus, we arrive at the bound
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Studentized Bootstrap10,100 3 3sn

x̄
1 z0.95 √ s4

n

x̄4n
1

s2
n

2x̄2n42
We now try to move beyond normal observations. One

way to improve on traditional methods has in the last fewwhere z0.95 is the 95% percentile of the standard normal
years been to implement the Studentized bootstrap (6).distribution (and as is well known equals 1.64).
It is the vague similarity to Student’s t-test that has givenFor normal data it is well known that sn is biased with
it its name. This methods means resamplingthe approximate expectation σ(1 2 3/4n) (3). This could

be used for bias correction, as could the approxima- t* 5 (g(θ̂*)) 2 g(θ̃)/σ (g(θ̂*))
tion of the expectation of 1/x̄, which could be written as

where the asterisk denotes a resampled quantity and tilde1/µ 1 σ2/µ3, if the fourth moment is small compared
a value that comes from the original sample. The trick iswith µ5, i.e., 3CV4/µ is small. However, bias correction
to find an estimate of the SD. In this case we are lucky;tends to increase variability and should be used with care.
we just build on the Gauss approximation formula above
but now we include a covariance term to recognize the

G Method fact that observations may be nonnormal and thus x̄ and
may be dependent (2,4, p. 92). The formula may now be

Yet another method is given by Eq. (3.15) (4, p. 91), written as
which suggests the variance approximation

Var1s

x̄2 5
σ2

2µ2(n 2 1)
2 2Cov(s, x̄)

σ
µ3

1
σ4

nµ4
Var[RSD] 5

Var(s)
µ2

1
σ2

µ4
3

σ2

n
but with a linearization Cov[s, x̄]σ 5 Cov[s2, x̄]/2. And

basically from the Gauss approximation formulae. after some tedious calculations, one finds that
The problem then is to give the variance of the sample

SD. However, this could to a reasonable degree of accu- Cov[s2,x̄] 5
1

n(n 2 1)
Cov5^xi,^x2

i 2 nx̄26racy be approximated by σ2/2(n 2 1), using a Taylor
expansion. And finally

5
{E(x3) 1 µ3 2 µσ2}

n
Var[RSD] 5

σ2

µ2 3 1
2(n 2 1)

1
σ2

µ2n4 But because we are mainly concerned with normal devi-
ates, we shall disregard the covariance term and then ob-which is very close to the MLE-based method. And we
tain the same variance estimate as in the G method.arrive at the interval

The one-sided confidence limit may now be written
as10,100 3 5s

x̄
1 z0.95 √s2

x̄2 3 1
2(n 2 1)

1
s2

x̄2n462 10,100 3 3sn

x̄
2 t*0.05 √ s4

n

x̄4n
1

s2
n

2x̄2n42
Parametric Bootstrap

where t*0.05 is the 5% percentile of the bootstrap distribu-
tion of t*.Furthermore, we shall consider the parametric boot-

In the simulation, study 1000 resamples were gener-strap, which uses resampling to calculate the confidence
ated for each of the 500 original samples.interval (see, e.g., 5,6). In that method we take the param-

eter MLE θ̂ 5 (x̄, s2
n) and simulate new samples from the

distribution N(x̄, s2
n) and find the 95% percentile of the Simulation Results

estimated RSD from those artificial samples. If the under-
lying distribution is indeed the normal distribution, this First let us look at a very peaked normal distribution,

where the sample RSD ought to have a rather stable be-method could perform well. The method produces the
interval (0, RSD*

0.95), where RSD*
0.95 is the 95% per- havior.

Normal deviates with µ 5 100, σ 5 2 (i.e., RSD 5centile in the artificial sample.
In the simulation study, 1000 resamples were gener- 2%) were generated, and the upper 95% confidence limit

was calculated for various methods. A total of 500ated for each of the 500 original samples.
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The method M is based on an approximation that is
rather sensitive, but it works this time, even if its SD is
on the high end. The MLE underestimates the limit
slightly at this sample size but comes close and gives a
good SD. The G method is very similar to the MLE.
Method B rates with the two previous ones. The paramet-
ric bootstrap does not do well at all because it gives too
short an interval. The Tangent method does not take into
account the functional form of RSD and that takes a toll,
but it is not so bad after all. The Studentized bootstrap
gives good coverage but is a bit volatile.

Now, in the next run the samples consisted of 20 ob-
servations each. The mean RSD was 1.99% and the corre-
sponding 95% quantile 2.51%. The RSD based on all

Figure 1. The normal distribution with µ 5 100 and σ 5 2. 10,000 observations was 2.01%. Table 2 summarizes the
results.

Method M is a strong contender with these data, withsamples each consisting of 10 observations were gener-
ated. In the simulated data, the mean of the 500 RSD good coverage and a reasonable STD. MLE is not doing

very well but is not a disaster either, with a too low cover-values was 1.97 and the upper 95% quantile was 2.74.
The RSD based on all observations was 2.02% (Fig. 1, age. The same goes for G method. Method B is as good.

The parametric bootstrap is a bit overoptimistic, givingTable 1).

Table 1

Normal Distribution (n 5 10)

Percentage of
Mean of 500 Samples Covering SD of 500

Method Samples (%) True Value Samples (%)

Method M 3.25 96.6 0.73
MLE 2.81 90 0.63
G 2.74 88.4 0.61
Method B 2.83 90.4 0.63
Parametric bootstrap 2.44 78.8 0.55
Tangent 3.65 98.4 0.83
Studentized bootstrap 3.32 93.8 1.02

Table 2

Normal Distribution (n 5 20)

Percentage of
Mean of 500 Samples Covering SD of 500

Method Samples (%) True Value Samples (%)

Method M 2.72 95.6 0.44
MLE 2.54 88.8 0.41
G 2.52 88.6 0.41
Method B 2.54 89.4 0.41
Parametric bootstrap 2.38 83.2 0.39
Tangent 2.93 97.8 0.48
Studentized bootstrap 2.73 93.2 0.51
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fact that it has a low variation, method B is a total dis-
aster: it misses the true value! Again, MLE does rather
well. The Tangent method really does badly here. The
Studentized bootstrap has good coverage but is a bit
volatile.

Then 20 observations were generated for the 100 sam-
ples, and the results came out as follows. The average
RSD was 96%, and the corresponding 95% percentile
131%. The RSD based on all 2000 observations was
101% (Table 4).

Method M fails completely and gives a missing result
for most samples. However, when it does come up with
an answer, it covers the true value with a vengeance. The
MLE is impressive here. The parametric bootstrap is sur-

Figure 2. The exponential distribution with expectation 10. prisingly good. Again, the Studentized bootstrap shows
a dramatic improvement as we take more observations.

too short an interval. The Tangent method performs
rather well this time, whereas the Studentized bootstrap Conclusions
shows the most dramatic improvement as the sample size
rises, giving good coverage. Method M is very strong when it comes to normal

data, but otherwise it is highly unreliable. The MLE-Now, the idea is to look at a more flat distribution,
where the sample RSD may be expected to be more vola- based method has a very sound overall performance, even

for nonnormal data. Its intervals are sometimes a bittile and where the sample mean and variance are no
longer independent (Fig. 2). short, however. It is easily programmed in almost any

language or even implemented in a spreadsheet program.Next, exponentially distributed observations were
generated with an expectation of 10, which also equals Furthermore, one can readily adapt the method for the

purpose of comparing two samples.the SD. The theoretical RSD is then 100%. A total of
500 samples each consisting of 10 observations were Method B has a problem with undercoverage for nor-

mal data and is quite disastrous for nonnormal data. Thegenerated, and the average sample RSD was 94% and its
95% quantile equaled 134%. The RSD based on all 5000 parametric bootstrap is a bit erratic. The Tangent method

is simple, but may be too simple on occasion.observations was 102%. Table 3 summarizes how well
the methods fared. The theory says that the Studentized bootstrap should

improve quickly as we increase sample size (7). How-The extremely low coverage of method M is due
to numerical problems; it tries to calculate the square ever, the method gave a rather poor performance at the

sample size of 10. If the sample is reasonably large androot of negative numbers on occasion. Despite the

Table 3

Exponential Distribution (n 5 10)

Percentage of
Mean of 500 Samples Covering SD of 500

Method Sample (%) True Value Samples (%)

Method M 220 4 156
MLE 159 91 54
G 155 90 52
Method B 99 66 26
Parametric bootstrap 181 89 97
Tangent 360 96 18,310
Studentized bootstrap 193 96 105
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Table 4

Exponential Distribution (n 5 20)

Percentage of
Mean of 500 Samples Covering SD of 500

Method Samples (%) True Value Samples (%)

Method M 566 8 1324
MLE 141 93 33
G 139 92 33
Method B 118 84 18
Parametric bootstrap 149 92 47
Tangent 269 100 123
Studentized bootstrap 153 93 69

we have reason to believe that data are nonnormal, then where za is the a percentile of the standardized nor-
mal distribution, α is the significance level of a two-the robust Studentized bootstrap is probably the method

of choice. Maybe inclusion of a covariance term may im- sided test, and 1 2 β is the power (β is the type II error
rate) (4).prove its performance when we are certain that data are

nonnormal. The method can easily be used to compare To take an example, let us consider a case where the
significance level should be 5% and we require our testtwo samples. When it comes to programming, references

5 and 6 provide examples. to have 80% power against the alternative ∆ 5 0.02,
given that σ2/µ2 5 0.02. Since z0.975 5 1.96 and
z0.8 5 0.842, we see that we need roughly 15 observations
per group (we round off 15.6 downward).

A total of 500 simulations were performed where twoSAMPLE SIZE DETERMINATION
samples each of size 15 were generated using the normal
distributions N(100,22) and N(100,42), respectively. TheOne of the most frequent questions posed to a statisti-
Studentized bootstrap and the MLE method were applied,cian is ‘‘How big a sample should we take?’’ The statisti-
and in 83% of the cases the former method correctly re-cian solves this problem by performing what is called a
jected the null hypothesis of equal RSD, whereas the lat-power calculation. This means that given a difference that
ter did so in 75% of the cases. Both methods come rea-is worth detecting, a probability with which we want to
sonably close to 80%. The Studentized bootstrapbe able to detect this difference (the so-called power), at
achieved a remarkably accurate rejection rate. However,a fixed significance level and some distributional assump-
had the sample size been 16, the MLE might have beentions, the statistician will come up with the magic num-
closest to the target.ber. However, this number is sometimes forbidingly

Power is not the only possible criterion for choosinglarge, and the final sample size is then determined by
sample size. Others are the length of the confidence inter-some process of negotiation.
val and length of confidence interval given a coverageLet us look at the technical aspect only. Assume that
probability (8).we observe normally distributed variables from two sam-

ples: X11, . . . , X1v and X21, . . . , X2v. Consider the hypothe-
sis RSD1 2 RSD2 5 ∆. From now on we express the DISCUSSION
difference ∆ in decimal notation. Using a modification

It is worthwhile making the choice of estimationof a well-known relation for sample size (4, p. 198) and
method after some consideration, taking into account thethe variance for the MLE, we have

n 5

5z12β√1σ2

µ2

1 ∆2
4

1 1σ2

µ2
2

4

1 31σ2

µ2

1 ∆2
2

1 1σ2

µ2
2

2

4 1
2

1 z12α/2 √21σ2

µ2
2

4

1 1σ2

µ2
2

26
2

∆2
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objective of the study, the sample size, and the likely
distribution of one’s data. The MLE method is robust and
stands on secure theoretical footing and is easily pro-
gramed. The Studentized bootstrap is probably one that
should please regulatory authorities, because it does
achieve the correct confidence level and is very unper-
turbed by whatever distribution is at hand. It has the
drawback of requiring more programing, and it can give
a rather poor performance at small samples of normal
data compared with methods tailored after that particular
distribution. These two methods, in my mind, stand out
as most attractive.

It is rather common that the data I come across in
my practice are nonnormal. Consider, as an example,

Figure 3. An empirical bimodal and the fitted normal distri- the two sets of data presented in Figs. 3 and 4. I had
bution. to compare them with respect to RSD, and the natural

thing to do was to put my faith in the Studentized boot-
strap.
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